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ØConstruction of time-dependent exactly solvable models.  A class of periodic time-

dependent Hamiltonians with cyclic solutions is constructed in a closed analytic

form.

ØThe method is based on transformation of soluble time-independent Eqs. into time-

dependent ones by employing a set of special time-dependent transformation

operators.

ØA time-dependent periodic Hamiltonian admitting exact solutions is applied to

construct a set of universal gates for quantum computer.

ØThe time evolution matrices are obtained in an explicit form and used to construct

logic gates for computation. A way of obtaining entanglement operator is

discussed, too.                                                                                                        -2-



Construction of a time-dependent Hamiltonian
Suppose that the state ( )tr,Ψ  of a dynamical system evolves according to the matrix
Schrödinger equation

( ) t)Ψ(r,tr,H
dt

t)Ψ(r,d
i = , )ˆ~ V(rpH 2

r += )1(

with T - periodic time-dependent Hamiltonian, H(t)=H(t+T), 1m2/2 =h . The potential matrix
}(r,t){VV(r,t) ij=  is Hermitian and pr is the momentum operator.

Our goal is to give the procedure for obtaining a wide class of time-dependent
Hamiltonians  H(t) for which exact solutions of (1) can be found. To this end, we use the
time-independent Hamiltonian

V(r)pH 2
r += ˆ~

)2(
with a real symmetric potential matrix V(r) and a unitary time-dependent transformation S(t)

( ) ( )tr,ΦS(t)tr,Ψ = )3(

by means of which the known time-independent Hamiltonian (2) is changed to the time-
dependent one

( ) (t)(t)SSi(t)SHS(t)tH ++ += &~
)4( 4



Here ( )tr,Φ satisfies the Eq. of motion t)Φ(r,(r)H
dt

t)Φ(r,d
i ~

=  with the time-independent

Hamiltonian (r)H~  and it is of the form
( ) ( )( ) ( )r,0ΦtrHiexptr,Φ ~-=

                                                                  .
)5(

Clearly, the solutions ( )tr,Ψ and ( )tr,Φ  can be properly defined by solutions of the time-
independent problem

( ) ( )εΦεεΦH ~~~~ =                                                   (6)
The technique of canonical transformation from a time-independent Hamiltonian  to a time-
dependent one was used:  for rotating  systems by
 S.J. Wang,  Phys. Rev. A 42 (1990) 5107; ibid p. 5103,
  Shi-Min Cui,  Phys.Rev. A 45 (1992) 5255,
 Ali Mostafazadeh: rotating  systems and oscillators.

Note, if the system of Schrödinger equations (6) with some known time-independent
Hamiltonian H~  is exactly soluble, the system of equations (1) with the time-dependent

Hamiltonian ( ) (t)(t)SSi(t)SHS(t)tH ++ += &~
 (4) admits exact solutions, too. The result

depends on transformation operators S(t)  and the choice of initial states.  Now consider
reconstruction of the 22´  periodic time-dependent Hamiltonian. taken in the form (4).



We start with the time-independent Hamiltonian (r)H~ with the 22´  real symmetric potential

matrix (r)V(r)V 2112 = . By means of a unitary time-dependent transformation taken in the
form

( ) ÷
ø

ö
ç
è

æ
-=×-= å

=

3

1i
ii (t)hsiexph(t)isexpS(t) )7(

the time-independent Hamiltonian V(r)pH 2
r += ˆ~

 with regard to Schr.Eqs. (1) and
( ) )~ (t(t)SSi(t)SHS(t)tH ++ += &   turns to the time-dependent Hamiltonian

( ) ( ) ( ) ( ))t()t(iexp)r(V)t(hiexppr,tH 2
r hshss &×+××-+= )8(

The solutions of (1) with Hamiltonian (8), according  to ( ) ( )tr,ΦS(t)tr,Ψ = and

( ) ( )( ) ( )r,0ΦtrHiexptr,Φ ~-= , are represented as

( ) ( ) ( ) ( )0tr,Φ(r)tHiexph(t)isexptr,Ψ =-×-= ~
)9(

Here ( )σs 2/1= is the spin operator, ( )321 σ,σ,σσ ˆˆˆ=  and iσ̂  are the Pauli matrices and a dot
means a time-derivative.
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It is convenient to present the 22´  intrinsic time-independent Hamiltonian (2) by the sum of
diagonal and zero trace matrices:

( )

÷÷
÷
÷

ø

ö

çç
ç
ç

è

æ

-
-

-

+÷
ø
ö

ç
è
æ +

+=

=÷÷
ø

ö
çç
è

æ
+=

2
(r)V(r)V(r)V

(r)V
2

(r)V(r)V

I
2

(r)V(r)Vp

(r)V(r)V
(r)V(r)V

prH

2211
21

12
2211

22112
r

2221

12112
r

ˆ

~

)10(

( ) ( )B(r)s2Iq(r)p(r)H 2
r ×++= ˆ~ )11(

with the evident notations: 2
(r)V(r)Vq(r) 2211 +

=
,

(r)V(r)B 121 = , 0(r)B2 = , 2
(r)V(r)V(r)B 2211

3
-

= and Î  is  the

identity matrix. It is evident that the Hamiltonian for the two coupled systems of Eqs. corresponds to the
three- or two-dimensional problem with coordinates iB  dependent on the extra parameter r . Then the
time-dependent Hamiltonian (8) can be represented as

( ) ( )( ) ( ) ( )
( ) ( )t)B(r,s2Iq(r)p

(t)hsh(tisexpB(r)sh(t)is2expIq(r)pt)H(r,
2
r

2
r

×++=

=×+×××-++=
ˆ

ˆ &

)12(

Obviously, the transformation ( )h(t)isexpS(t) ×-=   does not change the first term of (10) or (11)
and transforms the second term. The Hamiltonians in the forms (12) and (8) can be used for
describing the motion of a spin 1/2 -particle in the space-nonuniform and time-dependent
magnetic field or can be applied for investigating multi-level atoms and nuclei.                      -6-



In terms of the evolution operator U(t,0)U(t) = the solution ( )tr,Ψ  is
( ) ( )r,0ΨU(t)tr,Ψ =

,
1U(0)= )13(

It  is  easy  to  find  from ( ) ( ) ( ) ( )0tr,Φ(r)tHiexph(t)isexptr,Ψ =-×-= ~ (9) and (13) a very important
relationship between the operators U(t) and S(t)  In the case when ( ) ( )r,0Φr,0Ψ =

( ) ( ) ( )tHiexph(t)isexptHiS(t)expU(t) ~~
-×=-= )14(

The evolution operator in one period is written as ( ) ( )THiexph(T)isexpU(T) ~
-×= )15(

Now let us consider cyclic solutions that after one period )/2( wp=TT  are recovered up to the
phase, i.e., initial states ( )0Ψ ν  are eigenvectors of U(T)

( ) ( ) ( ) (r,0)Ψiβexpr,0ΨU(T)Tr,Ψ νννν -== )16(

where )iβexp( ν-  are eigenvalues of U(T) and νβ is the total phase. Let us demand that initial
states are eigenvectors of the time-independent Hamiltonian H~ ,, ( ) ( )rΦr,0Ψ νν = . It is
possible if U(T) and H~ commute [ ] 0HU(T), =

~
.Then, we immediately obtain that S(T)  and H~

commute [ ] 0HS(T), =~ ).17(
.It is one of the conditions on the choice of transformations S(t) .

Other properties of S(t)  are evident: they have to be unitary and possess the same matrix
dimension as H~ .With allowance for (9) the recurrent solutions at any time are written as

( ) ( ) ( ) ( )rΦtEiexph(t)isexptr,Ψ ννν
~-×-= )18( -7-



It is evident now that in order to determine the cyclic solutions, we need time-independent
solutions. Thus, whenever (r)H~  is an exactly  soluble time-independent Hamiltonian, the
properly generated time-dependent system of Eqs. has cyclic exact solutions. The evolution of

an arbitrary initial state ( ) ( )tr,Ψαr,0Ψ νν νå=  can be represented as a superposition of a
basis set of recurrent linearly independent vector solutions,

( ) ( ) ( ) ( )rΦtEiexph(t)isexptr,Ψ ννν
~-×-=
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Exactly solvable 22´  time-dependent potential matrices
Let us consider some particular examples of constructing a time-dependent Hamiltonian with

corresponding solutions by using SU(2) transformation (7) ( )h(t)isexpS(t) ×-= in which
the components of h are linear functions of time, tω(t)h ii =

( ) t/2)ωσiexp(tS 111 ˆ-=
,

( ) t/2)ωσiexp(tS 222 ˆ-=
,

( )ωt/2σexp(t)S 33 ˆ-=

1 case. Let S(t) be chosen as an operator rotation around z-axis

( ) ( )
( )÷÷ø

ö
çç
è

æ
w

w-
=-=

t/2iexp0
0t/2iexp

ωt/2σexp(t)S 33 ˆ )19(

where w  is some constant angular velocity. Then, in accordance with
( ) ( ) ( ) ( )(t)hsh(t)isV(r)expish(t)expptH 2

r
&×+×-+=  the time-independent Hamiltonian (10) is

transformed into the time-dependent one as

( ) ( )
( )

( ) ÷÷
÷
÷

ø

ö

çç
ç
ç

è

æ

+-
-w

w-
+-

++=

2
ω(r)V(r)Vti(r)expV

ti(r)expV
2

ω(r)V(r)V

Iq(r)ptr,H
2211

21

12
2211

2
r

ˆ
)20(

It is evident that H(t) is T -periodic, T)tH(r,0)tH(r, === , /ω2p=T . Hamiltonian (r)H~ is

connected with )0tH(r, = by 3σ2
ω(r)HH(r,0) ˆ~

+=
.



By using ( ) ( )rΦtEiS(t)expΨ ννν
~-=  the cyclic solutions can be written as

( )( )
( )( ) ( )rΦ

tω/2εiexp0
0tω/2εiexp

t)(r,Ψ νν
1

ν
1

ν ÷÷
ø

ö
çç
è

æ

--
+-

= ~
~

)21(

and after one period
( )

( ) ( )tr,Ψ
iπTεiexp0

0iπTεiexp
t))(T(r,Ψ νν

2

ν
1

ν ÷÷
ø

ö
çç
è

æ

+-
--

=+ ~
~

where ( )αν
ν
α ΔEε -=~  and aD can be the energy of the inner structure (threshold). If 0=Da , then

the eigenstates ( )rnF  are twofold degenerated.
If there is no dependence on the space variable, our problem is simplified.

In this case the time-independent Hamiltonian H~  is

÷÷
ø

ö
çç
è

æ

-
=×=

θcosθsin
θsinθcosΩBσH ~~
~~~~~

)22(

with the renormalized uniform magnetic field ( )θcos,0,θsinΩB ~~~~
=

The two eigenvector solutions and eigenvalues of (22) are

( )
( )÷÷ø

ö
çç
è

æ
=

/2θsin
/2θcosΦ1 ~

~ ( )
( ) ÷÷ø

ö
çç
è

æ-
=

/2θcos
/2θsinΦ2 ~

~

Ωε1
~~ +=

,
Ωε2
~~ -=

. )23(
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The time-dependent Hamiltonian for the spin 1/2s =  particle in a rotating but space-
homogeneous magnetic field B(t)  becomes

( )
÷÷
ø

ö
çç
è

æ

--
-+

=×=
Ωω/2θcosωexpθsin
iωexpθsinΩω/2θcosΩB(t)σH(t) ~~)ti(~

t~~~~
)24(

÷
ø
ö

ç
è
æ += )~

~()t~t~~
Ω2
ωθcossin(ωθsin),cos(ωθsinΩB(t)

There are two cyclic solutions which in terms of the above time-independent solutions
according to (21) evolve as

( ) ( ) ÷÷
ø

ö
çç
è

æ

-
--

=
/2θt]sinΩiωt/2exp[
/2)θt]cos(Ωi2iωexp[tΨ1 ~~i

~~/t ( ) ( ) ÷÷ø
ö

çç
è

æ

+
+-

=
/2θt]cosΩiωt/2exp[
/2)θt]sin(Ωiiωexp[tΨ2 ~~i

~~2/t
)25(

It is a well known problem of a spin-1/2 particle evolving in a space-homogeneous magnetic
field (see e.g. M. Stone, Phys. Rev. D, 33 (1987) 1191. S.J. Wang, Phys. Rev. A42 (1990) 5107;
ibid p. 5103) obtained here as a particular case of the problem of a spin-1/2 particle evolving in
a periodic time-dependent but space-inhomogeneous magnetic field.                                     -11-



2 case. If S(t) is chosen as an operator of rotation around y-axis

( ) ( ) ( )
( ) ( )÷÷ø

ö
çç
è

æ
-

=-=
t/2ωcost/2ωsin

t/2ωsint/2ωcos
t/2)ωσiexp(tS

22

22
222 ˆ

,
)26(

then in accordance with (8) the time-independent Hamiltonian (10) turns to the time-dependent
Hamiltonian )(tH in the form

( ) ( )

÷÷
÷
÷

ø

ö

çç
ç
ç

è

æ

+
-

-+
-

+

-
-

+-
-

++=

tsinωVtcosω
2

VV/2iωtsinω
2

VVtcosωV

/2iωtsinω
2

VVtcosωVtsinωVtcosω
2

VV
Iq(r)ptr,H

2122
2211

22
2211

221

22
2211

2122122
2211

2
r

ˆ

)27(

In accordance with (18) ( ) ( )rΦtEiS(t)expΨ ννν
~-= the recurrent solutions are immediately

written as
( ) ( )
( ) ( )

( )rΦ
t)εiexp(t/2ωcost)εiexp(t/2ωsin
t)εiexp(t/2ωsint)εiexp(t/2ωcos

t)(r,Ψ νν
21

ν
11

ν
21

ν
11

ν ÷÷
ø

ö
çç
è

æ

--
---

= ~~
~~

)28(

and in one period
( )

( ) ( )tr,Ψ
Tεiexp0

0Tεiexp
t))(T(r,Ψ νν

2

ν
1

ν ÷÷
ø

ö
çç
è

æ

-
-

-=+ ~
~
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When there is no dependence on the space variable, the time-dependent Hamiltonian and the

corresponding cyclic solutions can be obtained by applying the transformation (t)S2 to the

space-uniform time-independent Hamiltonian ÷÷
ø

ö
çç
è

æ

-
=×=

θcosθsin
θsinθcosΩBσH ~~
~~~~~

÷÷
ø

ö
çç
è

æ

--++
-+-

=
t)sinωθsintcosωθ(cosΩ/2iωtsinωθcostcosωθsin
Ω/2iωtsinωθcostcosωθsintsinωθsintcosωθcosΩH(t)

22222

22222 ~~~~~
~~~~~~

( ) ( )
÷÷
ø

ö
çç
è

æ

+-
--

=
/2)θt)sin(Ωt/2)exp(icos(ω/2)θt)cos(Ωit/2)exp(sin(ω
/2θt)sinΩt/2)exp(isin(ω/2)θt)cos(Ωit/2)exp(cos(ωtΨ

22

22
1 ~~~~

~~~~

)29(

( ) ( )
÷÷
ø

ö
çç
è

æ

+--
---

=
/2)θt)cos(Ωt/2)exp(icos(ω/2)θt)sin(Ωit/2)exp(sin(ω
/2θt)cosΩt/2)exp(isin(ω/2)θt)sin(Ωit/2)exp(cos(ωtΨ

22

22
2 ~~~~

~~~~

This problem is identical to the motion of a spin-1/2 in the uniformly rotating
magnetic field in the x-z  plane.
                                                                                                                                           -13-



3 case. Let S(t) be chosen as an operator of rotation around x-axis

( ) ( ) ( )
( ) ( ) ÷÷

ø

ö
çç
è

æ
-

-
=-=

t/2ωcost/2ωisin
t/2ωisint/2ωcos

t/2)ωσiexp(tS
11

11
111 ˆ )30(

Then, from (8) the time-dependent Hamiltonian H(t)  is

( ) ( ) .
)()(

)()(
ˆ

÷÷
÷
÷

ø

ö

çç
ç
ç

è

æ

-
-

-
--

-
+-

-

++=
tωcos

2
VVtωsin

2
VVi

2
ωV

tωsin
2

VVi
2
ωVtωcos

2
VV

Iq(r)ptr,H
1

2211
1

22111
12

1
22111

121
2211

2
r

)31(

By analogy with the previous cases, the Hamiltonian (31) can be represented in the form for a
spin-1/2 particle in the space-inhomogeneous magnetic field  precessing around 0x axis:

( ) ( )
( )

( ) ÷
÷
÷
÷

ø

ö

ç
ç
ç
ç

è

æ

--
W

-

+
W

-
+

++=

t)(r)cos(ωθcostsinωrcosθ
(r)2
ω(r)θsin

tsinωrθicos
2
ω(r)θsint)(r)cos(ωθcos

(r)Ω

Iq(r)ptr,H

11
1

1
1

1

2
r

~i~

~
)r(

~~
~

ˆ

)32(

The cyclic solutions  with account of ( ) ( )rΦtEiS(t)expΨ ννν
~-= are written as

( ) ( )
( ) ( )

( )rΦ
t)εiexp(t/2ωcost)εiexp(t/2ωisin
t)εiexp(t/2ωisint)εiexp(t/2ωcos

t)(r,Ψ νν
21

ν
11

ν
21

ν
11

ν ÷÷
ø

ö
çç
è

æ

---
---

= ~~
~~

)33(



When there is no dependence on the space variable, the time-dependent Hamiltonian and
corresponding cyclic solutions can be obtained by applying the transformation
( ) t/2)ωσiexp(tS 111 ˆ-=  to the space-uniform time-independent Hamiltonian (22)

( )
÷÷
÷
÷

ø

ö

çç
ç
ç

è

æ

---

+-
=

t)cos(ωθcost)sin(ωθicos
Ω2
ωθsin

t)sin(ωθicos
Ω2
ωθsint)cos(ωθcos

ΩtH
11

1

1
1

1

~~
~

~

~
~

~~
~

)34(

( ) ( )
÷÷
ø

ö
çç
è

æ

+--
--

=
/2)θt)sin(Ωt/2)exp(icos(ω/2)θt)cos(Ωit/2)exp(isin(ω

/2θt)sinΩt/2)exp(iisin(ω/2)θt)cos(Ωit/2)exp(cos(ωtΨ
11

11
1 ~~~~

~~~~

( ) ( )
÷÷
ø

ö
çç
è

æ

+--
---

=
/2)θt)cos(Ωt/2)exp(icos(ω/2)θt)sin(Ωit/2)exp(isin(ω
/2θt)cosΩt/2)exp(iisin(ω/2)θt)sin(Ωit/2)exp(cos(ωtΨ

11

11
2 ~~~~

~~~~

Thus, by a different choice of  transformation operators 1,2,3i(t),S i = , three families of
time-dependent potential matrices with the corresponding cyclic solutions are
generated in a closed form from one family of time-independent potential matrices.
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It is evident, in all considered cases the Hamiltonians  are T  - periodic, wp /2=T

( ) ( )
( )

( ) ÷÷
÷
÷

ø

ö

çç
ç
ç

è

æ

+--w

w-
+-

++=

2
ω(r)V(r)Vti(r)expV

ti(r)expV
2

ω(r)V(r)V

Iq(r)ptr,H
2211

21

12
2211

2
r

ˆ

)1

( ) ( )
÷÷
÷
÷

ø

ö

çç
ç
ç

è

æ

+
-

-+
-

+

-
-

+-
-

++=
)()()()(

)()()()(
ˆ

)2

tωsinVtωcos
2

VV/2iωtωsin
2

VVtωcosV

/2iωtωsin
2

VVtωcosVtωsinVtωcos
2

VV

Iq(r)ptr,H
2122

2211
22

2211
221

22
2211

2122122
2211

2
r

( ) ( )
÷÷
÷
÷

ø

ö

çç
ç
ç

è

æ

-
-

-
--

-
+-

-

++=
)()(

)()(
ˆ

)3

tωcos
2

VVtωsin
2

VVi
2
ωV

tωsin
2

VVi
2
ωVtωcos

2
VV

Iq(r)ptr,H
1

2211
1

22111
12

1
22111

121
2211

2
r

They are obtained from,
( ) ( )

÷÷
÷
÷

ø

ö

çç
ç
ç

è

æ

-
-

-

++=

2
(r)V(r)V(r)V

(r)V
2

(r)V(r)V

Iq(r)prH
2211

21

12
2211

2
r

ˆ
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the corresponding solutions

( )( )
( )( ) ( )rΦ

tω/2εiexp0
0tω/2εiexp

t)(r,Ψ νν
1

ν
1

ν ÷÷
ø

ö
çç
è

æ

--
+-

= ~
~

)1

( ) ( )
( ) ( )

( )rΦ
t)εiexp(t/2ωcost)εiexp(t/2ωsin
t)εiexp(t/2ωsint)εiexp(t/2ωcos

t)(r,Ψ νν
22

ν
12

ν
2

ν
12

ν ÷÷
ø

ö
çç
è

æ

--
---

= ~~
~~

)2

2

( ) ( )
( ) ( )

( )rΦ
t)εiexp(t/2ωcost)εiexp(t/2ωisin
t)εiexp(t/2ωisint)εiexp(t/2ωcos

t)(r,Ψ νν
21

ν
11

ν
21

ν
11

ν ÷÷
ø

ö
çç
è

æ

---
---

= ~~
~~

)3

 are wp /42 =T -periodic and change their sign after one period

Clearly, a more general transformations can be taken: i) as a direct product of the (t)S i ,

Õ =
=

3

1i i (t)SS(t) , ii) with a more complicated dependence of S on time. Whenever )(rV  is an

exactly soluble potential matrix for the ordinary time-independent system of Schr. Eqs., a

family of exactly soluble time-dependent Hamiltonians of the Schr. Eqs.  can be generated 17



Time-dependent exactly solvable models for quantum computing

· A time-dependent periodic Hamiltonian admitting exact solutions is applied to

construct a set of universal gates for quantum computer.

· The  time  evolution  matrices  are  obtained  in  an  explicit  form  and  used  to

construct logic gates for computation. A way of obtaining entanglement

operator is discussed.

A quantum computer is composed of a set of qubits which can be manipulated in a

controlled way. Any quantum two-level systems can be taken to create qubits. A

computation process corresponds to  the evolution of the set of  the qubits according to

a specific unitary operator, for example evolution operator U(t) . A general operation

is decomposed into a discrete sequence in time  of operations - quantum gates.
                                                                                                                                                 -18-



The physical realization of the qubit register and a universal set of one-qubit and two-qubit
logic gates is an important problem of quantum computation. Here we shall construct one-qubit
and two-cubit gates with desired properties controlled by time-dependent Hamiltonian.

The simplest unit of quantum information is a quantum bit, or qubit. The qubit is a vector in a
two-dimensional Hilbert space, which can be presented as

1β0αψ +=
.

The basis vectors 0 and 1  are chosen as ÷÷
ø

ö
çç
è

æ
=

0
1

0 ÷÷
ø

ö
çç
è

æ
=

1
0

1
.

Herea  and b are complex coefficients which satisfy the condition 1βα 22 =+ . Then ψ  is the

normalized vector, and 2α  and 2β  characterize the probabilities of the results 0  and 1 ,

correspondingly. The 2-nd order matrices ( )22U ´  transform one-qubit states and describe an
evolution their in time:

( ) 0f ψ22Uψ ´= ÷÷
ø

ö
çç
è

æ
=

2221

1211

uu
uu

U(t)
.

Such transformations in quantum computation determine one-qubit quantum operations -
quantum gates.                                                                                                                 -19-



The formalism of quantum mechanics is usually applied not to individual systems but to
ensembles of systems. In quantum computation, the state of the computer of n qubits can be
expressed as a vector Ψ in a space of dimension 2n. Vector Ψ of the quantum register from n
qubits is expressed as a complex linear superpozition of 2n  basis states

k

12

0k
k jaΨ

n

å
-

=

= )35(

Here ak are projections of the vector Y  on the directions of basis states 0j , 1j ,… 12nj
- ,

12 =åk ka
.
Basis states n21n21 i...ii...ii,ij ÄÄ==

,
1or0or...ii,i n21 = are presented as

0...00j0 ÄÄ=

1...00j1 ÄÄ= )36(
………………………………………..

1...11j 12n ÄÄ=
-

The transformation of an initial state vector 0Ψ into the final vector fΨ  models the process
of calculation on quantum computer

( ) 0
nn

f ψ22Uψ ´=

Vectors 0Y  and fY  are vectors in the 2n Hilbert space.                                              -20-



The  transformation  matrices ( )t;22U nn ´ define the dynamic evolution of the quantum
system from n qubits. At the same time, the matrices ( )t;22U nn ´  provide the process of
quantum computing  at each fixed moment.
            Clearly, the realization of the transformation ( )nn 22U ´  with n>3 is  a  very
difficult problem. As usual, Bryglinski J.L., Bryglinski R. "Universal Quantum Gates in
Mathematics of Quantum Computation", Chapman and Hall/CRC Press, Florida, 2002, one
considers the presentation of ( )nn 22U ´  as a production of second ( )22U ´  order and
forth ( )44U ´  order matrices

( ) ( ) ( )Õ ´Ä´=´
ji,

22
ji

nn 22U22U22U )37(

We shall show how it is possible explicitly to generate one-qubit logic gates,
given by 22´  unitary operators, from the time evolution matrices and give a way of
obtaining entanglement 44´  operators.
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A universal gate set
The universal 1-qubit logic gates can be constructed from the time evolution matrices which we
obtain in a closed analytic form. In our approach, the time-dependent periodic Hamiltonians
admitting exact solutions are applied to control the time evolution of the  1-qubit gates.
Suppose that the time evolution of the quantum system is governed by the SchrÖdinger Eq.

( ) t)Ψ(r,tr,H
dt

t)Ψ(r,d
i = )38(

with T - periodic time-dependent Hamiltonian, T)H(tH(t) += .
Assume, the initial state of the qubit can be written in one of the states of the time independent
Hamiltonian H~ :

÷÷
ø

ö
çç
è

æ

-
=×=

θcosθsin
θsinθcosΩBσH ~~
~~~~~

)39(

1/2θsin0/2θcosφ1
~~

+=             or 1/2θcos0/2θsinφ2
~~

+-=

Taking the gauge transformation as ( ) ( )tr,ΦS(t)tr,Ψ = ( )t/2ωiσexpS(t) 1x-= )40(

the time-independent Hamiltonian (39) is changed to the time-dependent one:
(t)(t)SSi(t)SHS(t)H(t) ++ += &~

)41( -22-



The evolution operator ( ) ( )tHiexpt/2ωiσexpU(t) 1x
~

--= , corresponding to the time-dependent
Hamiltonian

( )
÷÷
÷
÷

ø

ö

çç
ç
ç

è

æ

---

+-
=

t)cos(ωθcostsinωθicos
2λ
ωθsin

tsinωθicos
2λ
ωθsint)cos(ωθcos

λtH
11

1

1
1

1

~~~

~~~

)41( *
.

is written as

( ) ( ) ( )
( ) ( ) ÷÷

ø

ö
çç
è

æ -
÷÷
ø

ö
çç
è

æ
-

-
=

)t
)t

exp(iλ0
0iλexp(

t/2ωcost/2ωisin
t/2ωisint/2ωcos

tU
11

11
1 )42(

The time evolution matrix U(t) gives the set of the universal one-qubit gates, which are

controlled by the parameters 1ω and λ .
An important one-bit transformation is the operation of negation or inversion operation

xσNOT = . The gate NOTcan be obtained from (42) at πtω1 =  and 2nπλt =  and then after
multiplication of the result by i:

( ) ÷÷
ø

ö
çç
è

æ
====

01
10

2nπλtπ,tωiUNOT 11

.
)43(

The transformation NOT  exchanges 0  and 1
, e.g. ( ) 0b1a1b0aNOT +=+

-23-



Another special one qubit gate can be obtained from (42) at πtω1 =  and π/2λt =  and after
multiplication of the result by i:

( ) y11 σ
0i
i0

π/2λtπ,tωiUY =÷÷
ø

ö
çç
è

æ -
==== )44(

The special gate Z is obtained from (42) at 4πtω1 =  and π/2λt =  and after multiplication by i:

( ) z11 σ
10

01
π/2λt4πtωiUZ =÷÷

ø

ö
çç
è

æ
-

==== , )45(

Now let us obtain another important one-bit transformation. It is the Hadamar transformation
defined by

)σ(σ
2

1
11

11
2

1H zx +=÷÷
ø

ö
çç
è

æ
-

=
.

)46(

When applied to 0 and to 1 , the Hadamar gate H creates to the superposition of states with
the equal probability

)10(
2

1
0
1

H0H +=÷÷
ø

ö
çç
è

æ
=

)10(
2

1
1
0

H1H -=÷÷
ø

ö
çç
è

æ
=
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If the initial state of the qubit is )10(
2

1
+ , then the evolution matrix U(t) corresponding to the time-

dependent Hamiltonian ( *41 ) is written as
( ) ( ) ( ) ( )

( ) ( )
( ) ( )

( )
( )

( ) ( )
( ) ( ) ÷÷ø

ö
çç
è

æ -
÷÷
ø

ö
çç
è

æ -
÷÷
ø

ö
çç
è

æ
-

-
=

=---=

/2θcos/2θsin
/2θsin/2θcos

iλexp0
0iλexp

t/2ωcost/2ωisin
t/2ωisint/2ωcos

/2θiσexpλtiσexpt/2ωσexptU

11

11

yz1x

~~
~~

t
t

~

)47(

At t=0, π/2θ =~  and any 1ω  , λ  from (47) we obtain the gate

÷÷
ø

ö
çç
è

æ -
===

11
11

2
1π/2)θ0,tλ;,U(ω1

~
)48(

To obtain the Hadamar gate, we multiply ( )π,2πniUNOT 1=  on the gate U. Therefore, the Hadamar gate

H is a result of the sequence of two transformations

( ) π/2)θ0,tλ;,U(ωπ,2πniUH 11 ===
~

)49(

Note ( )0;)(1 == qtUtU . Applied to n bits, H generates superposition of all 2n possible states, which

can be considered as a binary representation of the numbers from 0 to 2n-1

( ) ( ) ( ) ( )( ) å
-

=

=+ÄÄ+Ä+=ÄÄÄ
12

0k
knn

n

j
2
110...1010

2
100...0H...HH )50(
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It should be noted, the presented above sequence of gates for  obtaining states å
-

=

12

0k
kn

n

j
2
1

are

not unique. given examples can be used for building one qubit gates.

Construction of two-qubit gates
The 2-nd order matrices ( )22U i ´ transform one-qubit states. The 4-th order matrices ( )22

i 22U ´

transform couples of one-qubit states. There are 4 basis states in 4-th dimension Hilbert space
for two-cubit systems building on one-cubit states 0 , 1 :

1111,0110,1001,0000 Ä=Ä=Ä=Ä=
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1
0
0
0

11

Any two-qubit state can be expressed as a superposition of these basis states
11c01c10c00cΨ 11011000 +++=

,
)51(

where 1cccc 2
11

2
10

2
01

2
00 =+++ .
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Entanglement
A gate G is said to be entangling, if 21 ψψGΨ Ä= is not decomposable as a tensor product

of two one-qubit states. It means that 2112 ψψΨ Ä¹ . The property 2112 ψψΨ Ä¹ is

called entanglement. If in (51) 0cccc 10011100 ¹- , then Ψ  is an entangled state.
In our case the entanglement operator is obtained from two independent systems with the use of
unitary gauge time-dependent transformations, which lead to time-dependent periodic operators
and entanglement of states.

Construction of the Hamiltonian with the desired entangled operator
Let H is a 22´  Hamiltonian in the form

εAh11hH +Ä+Ä= )52(

where { }1,0Îe  and h is a diagonal time-independent Hamiltonian

÷÷
ø

ö
çç
è

æ
=

b0
0a

h
.

The evolution operator of the matrix SchrÖdinger Eq. ΨH
dt
Ψd

i =  with the Hamiltonian (52)

is expressed as follows ( ) ( ) iAtihtiht expexpexptU --- Ä=
if the operator A commutes with the Hamiltonian h11h Ä+Ä . -27-



We would like to get the entanglement  operator U(t) and to construct a corresponding
Hamiltonian in the form (52). To this end, let us select the operator iAteR(t) -=  in the form

÷÷
÷
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è

æ

-
-

=

1000
0cos(t)isin(t)0
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R(t)
)53(

Find A(t) form
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== -

0000
0010
0100
0000

(t)R
dt

dR(t)iA 1

)54(

The matrix

÷÷
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ö
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æ
-

==
10

01
2
1

2
σh 3

satisfies the condition of commutation ( )[ ]h11hA, Ä+Ä .           -28-



At last, substitution
iAte -

 and h into the evolution matrix ( ) iAtihtiht eeeU(t) --- Ä=  gives
the entanglement operator

÷
÷
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ø

ö

ç
ç
ç
ç
ç

è

æ

-
-

=

-it

it

e000
0cos(t)isin(t)0
0isin(t)cos(t)0
000e

U(t)

So, the entanglement operator has been obtained with the use of the unitary time-dependent

transformation
iAteR(t) -= (53), which leads to the time-dependent periodic operator U(t) and

entanglement of states. We obtain the corresponding Hamiltonian (52) with A as given in (54).
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Conclusion

Suggested method allows to generate exactly soluble  time-dependent

Hamiltonians from time-independent ones.

The time evolution matrices are obtained in an explicit form and used to

construct logic gates for computation.

The approach opens opportunities for modelling quantum dynamic systems

with predetermined properties, in particular, quantum wells with properties of

dynamic localization.
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