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‘ Abstract I

A relativistic inverse problem is solved for the case when the
tfotal quasipotential simulating the inferaction of two relafivistic
spinless particles of unequal masses is the superposition of a local
quasipotential and a sum of nonlocal separable quasipotentials. The
problem is investigated within the relativistic quasipotential approach
fo quantum field theory. The local component of total interaction is
supposed to be known and it not admits bound states. It is shown
that the nonlocal separable components of fotal inferaction may be
reconstructed if its the local component, the phase-shift additions and
the frue bound state energy are known.



‘ 1. Introduction I

The inverse scafttering problem has a long history. So, it was
proven by Gelfand and Levitan (1), Marchenko (2), and Krein (3) that
the inverse problem can be solved within nonrelativistic theory. The
most complete survey of this theory was given in the monographs
of Chadan and Sabatier (4) and Zakhariev and Suzko (5). In the
most of studies, however, the inverse problem is solved on the basis
of the nonrelafivistic Schrodinger equation (6-10). Therefore, the
problem of reconstructing interaction for essentially relativistic systems
— in particular, within the relativistic quasipotential approach (11)
— is yet remained important. In the present study, the problem
of reconstructing the nonlocal separable components of the fotal
quasipotential describing the inferaction between two relativistic
spinless parficles of unequal masses (m; # ms) IS considered. The
problem is investigated within the relativistic quasipotential approach
to quantum field theory (12). It is assumed that the total inferaction
admitfs the existence of the only true bound state. Moreover, the local
part W (r) of the total interaction is considered to be known and it not
admits bound states.



We will show that the nonlocal separable components V;,,(r) of the
fotal inferaction can be reconsfructed provided that the local part
W (r), The additions of the phase shift 5ZW”(X’), and the energies of the
bound states are known. Our approach is based on the expression for
the additions of the phase shift(h =c = 1)

Vingon _z : —1, 7 / Aln
tang, " (x') = 2smh (X)Am (X)) |14+ = P/dxcoshx coshy , (1)
9 1 2n—1 - 2
An(x) = Zem |Qi(cot) V) /FY )| T |eos™ (0]« @
m=1

e =+1, n=1,2,.... M,
where P means the principal value, Q;(z) is a Legender function of the

second kind, f/l,%”_”(x) is tThe tfransform of the components V,,(r), and
FW () is Jost function of the local quasipotential W (r) and is related o
the corresponding phase shift 6" () by the equation

FY(x) = |FY ()| exo [-i6" ()] -



In order to reconstruct the separable component V;,, () on the basis
of the additions of the phase shift 5ZVZ”(X’), we will solve the integral
Eq.(1) for the function A;,(y'). Here we will use the results that were
obtained by the author in (13). After that, by using of the Hilbert

infegral fransformation, we find the function x?l;“—”(xf) from (2). Finally,
by performing the relativistic Hankel fransformations

oo

Vin(r) = / dp" "V (cosh V"V 00w i x) s n=1,2,0, M, (3)

1

we reconstruct the components V,,,(r). Here, wf”_”(fr, x) is the solufion
fo the finite-difference quasipotential equation for the superposition
of a local quasipotential W (r) and a sum of nonlocal separable

n—1
quasipotentials >~ e, Vi (1) Vi (7).

m=1



This the solutfion will correspond the spectral density

- 2

dp(” Y(coshy) dp( >(Coshx H {cos 5V (x ﬂ .

m=1

where o)
dp,’(coshy) 2. 4 -
<COShX) - ;Slnh <X) ’QZ<COThX>/Fl <X)
Is the spectral density associated with the local quasipotential W (r).
Besides, the solution "~ (r, y) will satisfy the completeness property

’ 2

oo

/ dp\" D (cosh) o™V (r, )" (7 x) = 60 — 1) | (5)

1

n — 1, 2, ceey Ml.

Note that, at n = 1 the integral transformation (3) and the property
(5) reduce 1o the corresponding expressions obtained in (14).



Reconstructing nonlocal separable components
of the total quasipotential

e Conditions of the existence and uniqueness solution

For the unique solution of the inverse scattering problem to exist, we
assume that the addifions of the phase shift 5ZVZ"(X’) iIn expression (1) is
a function continuous in the sence of Holder with a positive index and
that, for x' — 400, we have esfimates

5/"(x) =0, 1>0,y>1,n=12,.,M,. (6)

These requirements means that the components V,(r) of the
separable interaction safisfies the conditions

rVin(r) € L1(0,00) , n=1,2,..., M. (7)



Besides, the Levinson theorem for the additions of the phase shift
takes the form

5,(0) = 8, (00) = 6,"(0) = (o, — 0"V + 1) yn=1,2,., M, (8)
where
51V (0) — 81" (00) = 6}V (0) = 0.
Here, af”) s the number of frue bound states corresponding fo the total

iInferaction and having energies that safisfy the conditions

0 < E§”> = COthgm <1, X§”> = i/itn>, 0 < ﬁ;,@ <7/2, )

n — 1, 2, ceey Ml,
it is known that

O, «E?ln:l, n:1,2,...,Ml;
o= 0,em=-1,n=12 . M-1; (10)

1,81Ml:—1,’n:Ml.



At the same time ™ is the number of spurious bound states
associated with the component of V},,(r) whose energies satisfy the
condition

EW =coshx'}) > 1, n=1,2,.., M, (1)
Lo, v 1 e =1,
1,2, ...\, e = —1.

Moreover, the energies (I 1) of spurious bound states can be
determined from the values of y/ at which the additions of the phase
shiff infersects the straight lines 5Vl” = 7wk (k iIs an infeger) from albove as
Y’ iIncreases; that s,

0,1, =1, e =1,

(n) (12)
1,2, e Uy y Eln — —

5””()(%)) =7k, n=12 ..M ,6 k= {



whereas the energy (9) of the only true bound state is simple root of
the equation

- | A, ()|
Diag(EyM) = —1+ —/dX —— 5 = 0.
2 / Coshx—Eg 2



e Solution of the integral equation

The integral equation (1) we recast info the form

o0

Yin(x) = 1+l/

=1.2,.... M 13
o — 0 y T g Ly vy [y ( )

-
1

where x = coshy’, ¢ = coshy and where we infroduced the following
notation

A/"(x) = 6/ (arcosh z) , g (x) = —(2/7)(2® — 1)Y*anA ) (z),  (14)

hin(x) = —sin Alvl”(x) exp [— i A lvl"(x)} ,

Yin(7) = Aim(QrCOSH 2)g;, (2) |1+ i(m/2)gua () (22 = 1) 772 |



As in the case of one component separable quasipotential (n = 1)
(13), we search the solution of equation (13) in the form

Yin(x) = Hyp(xy) = hrﬂo Hp(x+im), 1<z <o, (15)
T]—)

where the function

oo

mM@:1+1/

7
1

RURGLAG,

t— 2

(16)

IS an analytfic function in the complex plane of the variable z with a
cutf from 1 to +oo. Also, we have

lim Hp,(z) =1 (17)

2| =00

along any direction provided that the function ,(x) is HOlder
confinuous and that the infegral in (16) converges.



Moreover, by substituting the solution in (15) into the expression for
the discontinuity of the function H,,(z) across cut, that is

Hp,(xy) — Hpp(z_) = —2isin Alvl”(x) exp {ZAZVZ”(:E)} Yin (),

we darrive at the homogeneous Riemann-Hiloert equation for the
function H;,(z):

Hip,(z1)exp {QZAE/Z”(x)} —Hp(x-)=0,1<z<oc0.,n=12..,M. (18
A particular solution satisfying EQ.(18) and the condition (17) is given

oy
Hin(z) = exp [win(2)] | (19

7 AVin
wn(2) = — / a2 (20)

where




From the above assumptions on the behaviour of the additions of
the phase shift and from conditions (6) and (17), it follows that

lim wp,(2) =0

2| =00

along all directions. Moreover, the function in (20) is defined
everywhere on the cut, with the exception of may be the point z = 1,
where its behaviour is given by

win(z) = (1/m)A/ (D) In |1 — 2| + Qn(2) , 2 — 1. 2D

Here, the function Q,(z) is finite for = — 1, while A/"(1) = §,(0) =

m(o\™ — "V 4 )"y according to the Levinson theorem (8). Therefore,
the function H,,(z) has a zero of order o\ — " " + L") at the point
z = 1. For this reason, according to the expressions (15), (19) and (20),

a particular solution has the form

Ui () = exp |ap(z) — iA) ™ (x)] (22)



where

1 oo
ap(z) = ——P/dt

s
1

NGO

t—x

L win(zs) = () T i "(z).  (23)

Note that, the function given by (22) is regular atf z = 1 (it has
a zero of order ¢\ — ¢!"" + (™ at this point), is continuous in the
sense Holder with the same index as the additions of phase shift, and
IS bounded for + — +oo INn adccordance with a priori assumptions on
its properties. Moreover, the function in (22) satisfies EQ.(13), since the
residue theorem gives

lim —/dz in(2) :res[ in(2) , 2 =T +1n

R—+oc0 2774 Z2—T—1 Z—2—1
n—-+0 77 77

[n—+0 *
Dt



where I'" is a closed contour consisting of circle C}; having a radius R
and a cenfer af the point z = 0, a circle €, having a radius » and a
center at the point z = 1, and the two banks of the cut from 1 fo R,
the direction of the contour along the upper bank being opposite to
that along the lower bank. According to the asymptotic formula (17),
the contribution of the integral along the circle C}; tends to unity as
R — +oo, While, according to the estimate in (21), the integral along
the circle C” tends to zero as n — +0. Hence, it follows that function in
(22) is a particular solution of the nonhomogeneous intfegral equation
(13).

A general solufion to the homogeneous equation

oo

wlno(x) _ l/dt¢ln0(t>h;ﬂ(t) , (24)

T t—x — 120
1

has the form

'(plno(x) — Hlno(x—F) = hm() ]{lno(aj + 7/77) ) 1<z < o0,

n—+



where the function

oo

Hino(z) = l/dtwl”o(@hz}b(t)

T t — 2
1

Is analytic in the complex plane of z with a cut from 1 fo +co and which
satisfies the condition
lim Hln0(2> =0

|z| — 00
in all directions and also it safisfies the Riemann-Hilbert homogeneous

equation (18). Therefore, a general solufion to EqQ.(24) will be sought in
the form

Hypo(2) = exp [win(2)] Y G (25)



Substituting (25) into (18) and requiring that the functfion H;,,(z) e

finite at = = 1 (it has a zero of order o — """ + 1" at this point), gives

N =6 o 1 Hence, we have

Yino(x) = exp |y (z) — iA)/ () (26)

| I— |
s
R
—_ =
N—"
X

N = o) _ o= | )

It is obvious that, in just the same way as in the case of particular
solution, integration along the contour I'™ leads to the conclusion that
the function in (26) is a solution to Eq.(24) and possesses all the required
properties.



Therefore, a general solution to the integral equation (13) has a form

Yin(x) = ﬂln(x) + Yino(x) = exp [ozln(:v) — zAYln(x)} {1+ (27)

Finally, by using the notation in (14) and rearranging the sum info a
product, we can recast the solution in (27) info the form

, N _s
A (X)) = —;Sinhx’ sin 5lvl”(x’) exp [y, (Coshy’)] H {1—|— (28)
k=1-6

(n)
ok
coshy’ —1 [’



N1 T Sinhx5;/l"(x)
Qn(COSNX) = —°P / dxcoshx — coshy’’ (29)
0

y

Vl(n)a em=1,n=12, ..M,

(n) _ _(n) (n=1) , _(n) _ (n)
N7 =0, =0 +v = vy e =—1,n=1,2,.. M —1, (30)
Vl(Ml)+17 glMl:_la n:Ml7

\

- 17€ln: )
5_{ O,éln:—l.



e Determination of the parameters

In order to determine the parameters {a,ﬁm}, we note that, by

definifion (2), the function A;,(x’) is of fixed sign af all values of y/,
whereas the additions of the phase shift af the energies (11) of spurious
bound state safisfies the conditions in (12). Hence, the function A, ()
retains of fixed sign, provided that

(n)
" " 1, .. l,epm=1,n=12 ..M,
oV =1- coshxgqg , k= ’ Vl(n) K "’ |
L2,...,v,7 en=-1,n=12,.. M,

(M)

a (M;) (M)
VZ(MZ)—l—l

=1—coshy; ", 07" =1, gy =—1, n=M;.

Thus, the coefficients {a,&”)} are completely deftermined by the

energy (9) of frue bound state of the fofal interaction (n = M;) and the

additions of the phase shift, since the value ng,? are also determined
by its behaviour — that is, the conditions in (12).



Instead of (28), we will then have

Ain(x') = —=sinhy sin ¥ (') exp [a, (COshy)]
7
V(n)—5 - 9 . (n)
: sinh’(y’/2) — sinh? (X} /2)
X . 2 X €D
s sinh”(x’/2)

L)
. sinh?(y'/2) + sin?(x{™ /2) |

sinh?(y’/2)

n — 1, 2, ceey Ml,

where x{") and " are defined in (9) and (10), and ¢ is defined in (30).



Moreover, it follows from expressions (29) and (31) that the functions
A, (x') are continuous in the sence of HOlder and that, for ' — +oo,
them behaves as

coshy’ |[xX'| ", v>1,n=1,2,.... M,

provided that the additions of the phase shift satisfies the conditions in
(6). This in his turn implies that the components V,,,(r) satisfies conditions
in (/).



e Reconstructing of the nonlocal separable components

In order to reconstruct the components V,,,(r) by means of the
fransformation in (3), we introduce the functions

)
sinh(x'/2) + isin(sg”/2)| " (32)
sinh(x'/2) — i sin(x{" /2)

Vin(sinh(x'/2)) = [

x [@(ooﬂw’) [T cos |8/ (x)| Vi (sinh(x'/2))/ !FZW<X'>\] ,

where

Y

‘V< )(sinh(x'/2)) ‘_|V<” D)

ReV;, (sinh(x'/2)) = ReVi" () . (33)

arg V") (—sinh(x’ / 2)) = — arg V') (sinh(y'/2)) .

n — 1, 2, coey Ml.



Taking into account the conditions in (33), the relation orgV(” D(—x")
argV;\" Y (y/) implies that

argV," M (x') = sgny’ - argV,C (sinh(x'/2)). (34)

The function V,,,(sinh(y’/2)) are then analytic in the band 0 < Imy’ <
w/2 are confinuous for 0 < Imy’ < «n/2, and for them has the place
estimate

Vi (sinh(y'/2)) = O [sinhQ(X'/z)} I = oo, 0<Imy <7/2, (35)

if only the conditions in (6) hold. Moreover, the functions V;,,(sinh(x’/2))
does not vanish anywhere in the band 0 < Imy’ < =n/2. Therefore,
the functions In Vi,,(sinh(x’/2)) are analytic in the band 0 < Imy’ < /2
and, according to the estimate in (35), behaves as In(sinh*(y//2)) when
X'| — oo



Therefore, the Hilbert infegral fransformatfion can be applied to both
the real and the imaginary part of the function In Vj,,(sinh(x’/2)). For
real values of y/, we then obtain

Imanln(sinh(X’/2)):—%P / d(sinh(x/z))Siiﬁg;/vé;(_siziz(hﬁ; 2};) _

Y

_ _2sinh(x'/2), / chosh(X/2) In {715, Ain(X)/2]

T coshy — coshy’
0

where we have considered that

Reln Vi, (sinh(x/2)) = In [repm Am(x)/2] .



From here, taking info account the expressions (32) — (34), we finally
obtain

n—1 ~
Qi(coth)/FY ()| TT eos |87()] ¥ V(') =

. (n)
2
— \/ﬂelnAln(X’)/Q exp {—i sgny’ lal(n)OrCTCIhSl.n(/it / )-I-

sinh(x'/2)
(36)

T coshy — coshy’

JrSinh(x’/Q)P7OdXCOSh(X/2) In [welnAln(X)/Q]_ } |

0

n — 1,2,...,Ml .



‘ 3. Conclusions I

Thus, we have shown that, a solution of the relativistic inverse
scattering problem exists and is completely determined by the
addifions of the phase shift and by the energy of true bound stafte
of the fotal intferaction.

In conclusion, we note that method proposed here for reconstructing
the nonlocal separable components of the total interaction between
two relaftivistic spinless particles of unequal masses is in fact equivalent
to the one-body relativistic inverse scatftering problem. This is due
tfo the possibility of representing, within the relativistic quasipotential
approach to quantum field theory, the total c.m. energy of two
relaftivistic spinless parficles of unequal Mmasses as an expression
proportional to the energy of an effective relativistic particle of mass
m’ (19).
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